For Ω a Polish space we consider operator semigroups on the space C b (Ω) of bounded, continuous functions and on the space M (Ω) of bounded Borel measures. The important fact here is that the dual of C b (Ω) with the strict topology is M (Ω). We pursue the approach via bi-continuous semigroups, but we also show that the class of bi-continuous semigroups on C b (Ω) with respect to the compact-open topology coincides with the class of equicontinuous semigroups with respect to the strict topology. If Ω is not Polish space this is not the case in general.
Introduction
The probably simplest example of a semigroup on the space C b (R), namely the shift semigroup, fails to be strongly continuous and even measurable with respect to the sup-norm. To overcome this and the probably the more important fact, namely the failure of strong continuity of many transition semigroups, several different methods have been developed, such as those of π-semigroups by Priola [14] , weakly continuous semigroups by Cerrai [2] . One could even simply consider other locally convex topologies on C b (R) than the sup-norm-topolgy as, e.g., done by Dorroh, Neuberger [3] . A more abstract approach, we actually give preference to in this paper, is that of bi-continuous semigroups initiated by Kühnemund [6, 7] .
Besides this progress, recently semigroups on spaces of measure have been attracting much attention, see Manca [13] , Lant, Thieme [8] . It is not surprising however that such questions were addressed much earlier, for example by Sentilles [16] , who studied operator semigroups of C b (Ω) (bounded continuous functions)and on M (Ω) (bounded measures), where Ω is a locally compact space. The important construction there was that of a strict-topology, which will be also crucial in this paper. In this respect we will rely on the paper Sentilles [15] .
It is among the aims of the present note is to advertise bi-continuous semigroups that seem to be very much appropriate for dealing with one-parameter operator semigroups both on the space of bounded continuous functions or on the space of measures. One reason for giving distinction to this class of semigroups is that there is already a vast theory developed for them: there are generation, approximation and perturbation results (see Kühnemund [6] , [7] and Farkas [10, 11] ). More recently the Hille-Phillips functional calculus became also available in this setting, which can be used to prove convergence rates for rational approximation schemes and for efficient Laplace inversion formulas, see Jara [12] . We admit however that in many cases the class of bi-continuous semigroups is to small, and many interesting transition semigroups do not fall in this category. Regarding this, the notion of (weakly) stochastically continuous semigroups seems to be the most relevant, we refer the reader to Lant, Thieme [8] . There is moreover a recent paper by Kunze [4] where integration of operator semigroups on spaces of bounded measurable functions, bounded continuous function or of continuous function vanishing at infinity is studied by means of duality pairs. This also allows the author to consider the Laplace transform and the adjoint of such semigroups in a fairly general setting.
Coming back to general bi-continuous semigroups, in this paper we show that under certain assumptions (which are satisfied for C b (Ω), Ω Polish space) it is possible to consider bi-continuous semigroups, loosely speaking, on the dual (X, τ ) ′ , in particular the adjoint of a bi-continuous semigroup may be defined. This allows to consider bi-continuous semigroups on spaces of measures. We further show that these semigroups in many cases may be put in the theory of equicontinuous semigroups on locally convex spaces, but we also give an example, a rather pathological one, showing that this is not always possible. The results are taken from [9] .
First we recall some terminology and set up the framework (see Kühnemund [6, 7] ). For considering bi-continuous semigroups one needs first a Banach space (X, · ) which is endowed with an additional locally convex topology τ . The two topologies need somehow be connected. We assume the following:
(i) τ is Hausdorff and coarser than the norm-topology.
(ii) The locally convex space (X, τ ) is sequentially complete on τ -closed, normbounded sets. (iii) The dual space (X, τ ) ′ is norming for (X, · ), i.e.,
Now, τ -bi-continuous semigroups are defined as follows:
is a norm-bounded function, say, on [0, 1], in which case it is exponentially bounded. (iii) (T (t)) t≥0 is locally-bi-equicontinuous, which means that for a norm-bounded τ -null sequence x n the convergence T (t)x n → 0 holds in the topology τ and uniformly in compact intervals.
The main features of this definition is that it first mixes properties of Banach spaces and a weaker notion of convergence, and second that it speaks about convergent sequences, which generally do not grasp the topological charateristics. As in (iii) above, for functions T : R + → L (X) we use the term "locally ...", if the property "..." is satisfied for operators T (t), t ranges over compact intervals of R + .
The illustrious examples of bi-continuous semigroups are those on the space C b (Ω) when the continuity is required with respect to the compact-open topology τ c . A more concrete instance is the shift semigroup on C b (R). To be more specific, consider Ω a locally compact, or a metrisable topological space, N.B. a completely regular space, (or even more generally a completely regular, k f -space, i.e., a space Ω for which the continuity of a function f : Ω → R is decided already on compact sets). The linear space of continuous and bounded functions f : Ω → R is a Banach space if endowed with the supremum-norm · ∞ . The additional topology that we consider is the compact-open topology τ c generated by the following family of semi-norms:
It is trivial that with X = C b (Ω) and τ = τ c Hypothesis 1.1 is satisfied.
We show first how bi-continuous semigroups with respect to the compact open topology can be put in the framework of locally-equicontinuous semigroups, if Ω is a Polish space. For this purpose we introduce a further locally convex topology, called the strict topology (see Sentilles [15] ). We give here three different constructions, which all coincide if Ω is a Polish space.
The first construction is a direct description of null-neighbourhoods. Consider the family G of all absolutely convex and absorbent sets U ⊆ C b (Ω) which satisfy the following: for all r > 0 there exist a τ c -neighbourhood V r of 0, such that U ∩ B(0, r) ⊇ V r ∩ B(0, r). Then G is a base for a locally convex topology denoted by β 0 . Clearly, it is the finest locally convex topology which agrees with τ c on all balls B(0, r). It is called the mixed topology, see Wiweger [18] .
For the other two constructions we need the Stone-Čech compactification βΩ of the completely regular space Ω. The important fact is now the isometric isomorphism C(βΩ) ≃ C b (Ω), i.e., the fact that a bounded continuous function extends continuously from Ω to βΩ with the supremum being unchanged. For each compact set K ⊆ βΩ \ Ω define
Then consider the locally convex topologies β K determined by the family of seminorms
. Now, β and β 1 are defined by inductive limits as follows
For these topologies the following relations hold
It is known that in all places "<" is possible. However, when Ω is "nice", some of the topologies may coincide. We have:
Let Ω either be a σ-compact, locally compact space, or a Polish space. Then 
′ weak * -null sequence is equicontinuous.
In general β and β 1 are referred to as the sub-strict-topology and the strict topology, respectively.
To close this section we present a further construction for mixing topologies. Let P denote a family of seminorms determining τ such that p ≤ · for all p ∈ P, and · = sup p∈P p(x). For (p n ) ⊆ P and (a n ) ∈ c 0 , a n ≥ 0 consider the seminorm
The mixed-topology τ m is determined by the family of seminorms P := p (pn,an) : p n ∈ P, ∈ c 0 .
It is clear, that
τ ≤ τ m ≤ τ n , where again τ n denotes the norm-topology. A routine argument proves the following lemma: Lemma 1.4. A sequence x n ∈ X is convergent in the topology τ m , if and only if it is norm-bounded and τ convergent.
Proof. Note that it suffices to consider the case when the limit is 0. First let x n τm −→ 0 then clearly x n τ −→ 0. Suppose by contradiction that x n is unbounded. We may assume that x n ≥ n. For each x n take p n ∈ P such that p n (
which is a contradiction. Conversely, assume that x n τ −→ 0 and x n is norm-bounded. Take a n ∈ c 0 and p n ∈ P. Then for ε > 0 there exists N ∈ N such that |a n | ≤ ε whenever n > N . Thus
which shows x n τm −→ 0.
The following result translates the notion of bi-continuous semigroups to the language of mixed topologies. Proposition 1.5. The class of τ -bi-continuous semigroups and the class of τ mstrongly continuous and locally sequentially τ m -equicontinuous semigroups coincide.
Proof. Let (T (t)) t≥0 be a τ -bi-continuous semigroup.
is norm-bounded and τ -continuous for all x, we obtain by Lemma 1.4 that these orbits are also τ m -continuous. The sequential τ m -equicontinuity of the family According to Wiweger [18] , the topology τ m coincides with the mixed topology under some abstract conditions, which are, in particular, satisfied for (C b (Ω), τ c ) and (X ′ , σ(X ′ , X)). Further he proves that in these cases τ m is the finest locally convex topology which agrees with τ on norm-bounded sets, hence τ m = β 0 .
Duality, measures and C b (Ω)
Given a τ -bi-continuous semigroup (T (t)) t≥0 on X, we would like to define the adjoint semigroup as a bi-continuous semigroup for the weak * -topology. However, for the validity of Hypothesis 1.1, we need to put further assumptions, which will be satisfied for X = C b (Ω) and τ = τ c . The established framework will be exploited in the last section.
Duality for (X, τ ). Let X
• be the set of all norm-bounded linear functionals which are τ -sequentially continuous on norm-bounded sets of X. We endow this linear space with the operator norm inherited from the nom dual X ′ . We claim that it is indeed a Banach space, i.e., it is a closed linear subspace of X ′ . Take ϕ n ∈ X
• with ϕ n − ϕ → 0, where ϕ ∈ X ′ . We have to show that ϕ ∈ X • . To this end, consider a norm-bounded τ -null sequence x n . Then ϕ(x n ) → 0 follows from
first by taking k ∈ N sufficiently large and then for fixed k using the continuity assumptions on ϕ k . Now, consider the Banach space X
• equipped with the weak topology τ
. It is our aim to consider bi-continuous semigroups with respect to this topology on X
• . For this purpose we have to verify the validity of Hypothesis 1.1. Clearly, τ
• is Hausdorff since X separates the points of X • . For all x ∈ X the operator norm of x ∈ (X • ) ′ coincides with x , since X • is norming for X, and
|ϕ(x)|,
• is coarser than the norm-topology on X
• . It remains to check only the τ • -sequential completeness on closed, norm-bounded sets, but this generally may fail to hold. At this point we have to put a condition on the space. Hypothesis 2.1. Suppose that X
• ∩B(0, 1) is sequentially complete for σ(X • , X).
Below we prove that in the particular case X = C b (Ω), which is our main concern now, we have X • = M (Ω), which is actually a well-known fact, and we basically recall a proof from Farkas [11] . Whereas we already point out here that to Alexandroff [1] it was known that M (Ω) is σ(M (Ω), C b (Ω))-sequentially complete if Ω is a Polish space, thus Hypothesis 2.1 is fulfilled in this situation.
The dual of C b (Ω). Suppose that Ω is as in Theorem 1.3. Then by the considerations preceding Theorem 1.3 and by Theorem 1.3 itself it follows that C b (Ω)
• coincides with the space of those functionals which are τ c -continuous on normbounded sets. It remains therefore to determine these linear functionals, which can be easily achieved if Ω is a Polish space. The following considerations are taken almost verbatim from Farkas [11] . The dual of C b (Ω) (as a Banach space) is isomorphic to the space M (βΩ) of all bounded, Borel measures on the Stone-Čech compactification βΩ of Ω, and the isomorphism is given by ϕ(f ) = βΩ f dµ. Since Ω is assumed to be topologically complete, it is known that Ω is G δ set in βΩ, see Then ι is an injection with rg ι = {µ : µ ∈ M (βΩ), |µ|(βΩ \ Ω) = 0} .
We show that a measure µ ∈ M (βΩ) gives rise to a linear functional ϕ ∈ C b (Ω) ′ which is not only norm-continuous, but also τ c -continuous on norm-bounded sets, if and only if it belongs to rg ι, i.e. using the above identification, it is a regular Borel measure on Ω. Let J denote the set of these norm continuous-functionals, which is then a norm closed subspace of M (βΩ). It is only to prove that ϕ ∈ J is associated with a measure in rg ι, the other direction being easy. Assume the contrary, i.e., that ϕ ∈ J and |µ|(βΩ \ Ω) > c > 0 for the corresponding µ. The measure µ| Ω is a Borel measure on the Polish space Ω, hence there is a compact set K 0 such that |µ|(Ω \ K 0 ) < c/4. Let N ∪ P = βΩ be a Hahn-decomposition of µ on βΩ. Then there are disjoint closed sets F 1 ⊆ P \ Ω and i+1 when x ∈ F i . We can write
But this leads to contradiction by the arbitrariness of the compact set K and the τ c -continuity of µ on the unit ball of C b (Ω). We have therefore proved that M (Ω) can be identified with J . In combination with Theorem 1.3 this yields:
Note that the above proof can carried aut for other classes of spaces Ω satisfying two requirements: (i) every finite Borel measure on Ω is automatically regular, (ii) Ω is Borel in βΩ. For more general statement we refer the reader to Kunze [4] .
Semigroups on C b (Ω) and on M (Ω)
First we start with an abstract construction for adjoint bi-continuous semigroups. Clearly a linear operator B ∈ L (X) which is also τ -sequentially continuous on norm-bounded sets admits an adjoint B ′ ∈ L (X ′ ) which leaves X • invariant. Take now a bi-continuous semigroup (T (t)) t≥0 on (X, τ ). Then the operators T (t)
• form a semigroup (T • (t)) t≥0 , which is τ • -strongly continuous by definition. The exponential boundedness of (T • (t)) t≥0 is trivial. To establish the local bi-equicontinuity, we assume the following.
Hypothesis 3.1. Every ϕ n ∈ X
• norm-bounded τ • -null sequence is τ -sequentially equicontinuous on norm bounded sets.
To see the τ
• -bi-equicontinuity of (T • (t)) t≥0 under this hypothesis, take a normbounded τ
• -null sequence and x ∈ X. For t 0 > 0 one has the τ -compactness of {T (t)x : t ∈ [0, t 0 ]}, thus by the equicontinuity of ϕ n we have
, which is the τ • -bi-equicontinuity of (T • (t)) t≥0 . Therefore if (T (t)) t≥0 is a bi-continuous semigroup.
Again the above hypothesis is satisfied for C b (Ω) and τ c . Indeed, if ϕ n → 0 in τ
• , then the set {0, ϕ n : n ∈ N} is weak * -compact hence is τ • -equicontinuous (see Theorem 2.2). These considerations show that it is always possible to take the dual (T • (t)) t≥0 of a bi-continuous semigroup (T (t)) t≥0 on C b (Ω). Instead of referring to Theorem 2.2, one could first use Prokhorov's Theorem to conclude that {0, ϕ n : n ∈ N} is tight and then prove the following assertion, thus arriving to the equicontinuity of {ϕ n : n ∈ N}. for all f ∈ C b (Ω) and ϕ ∈ K yields the equicontinuity of K . For the contrary, let the family K ⊆ M (Ω) be τ c -equicontinuous on norm-bounded sets. Assume by contradiction that there exists ε > 0 such that for all K ⊆ Ω compact there exist a functional ϕ K ∈ K with |ϕ K |(Ω \ K) ≥ ε. For K ⊆ Ω compact, the sets K n := {x : d(x, K) < 1/n} are open, and one has ∩
Define the function f | K := 0 and f | Ω\Kn := 1 and extend it to the whole of Ω with values in [0, 1] (Tietze's theorem). Then
This contradicts the equicontinuity assumption since in all τ c -neigbourhood of 0 one finds such f .
Remark. a) Note that for a Polish space Ω, since (C b (Ω), β) is a Mackey-space by Theorem 2.2, the β-equicontinuous sets of M (Ω) = (C b (Ω), β) ′ are exactly the relative weak * -compact sets. So first by first showing the above (trivial) assertion, Theorem 3.2, one obtains the proof of Prokhorov's theorem. b) From the above it follows that if a bounded operator T is τ c -(sequentially)-continuous on sup-norm bounded sets, then its adjoint
is continuous if we take the weak * -topology σ(M (βΩ), C b (Ω)) on K and on M (βΩ).
Proof. Let t ∈ [0, +∞) and ν ∈ K fixed. Then
The last inequality follows by the continuity assumptions and by Prokhorov's theorem for t ′ ∈ U and ν ′ ∈ V with appropriate neighbourhoods U, V of t and ν.
A straightforward consequence of this lemma and the fact that the set [0, t 0 ]×K is compact for the product topology is the following:
) be a τ c -strongly continuous function. For a weak * -compact set K ⊆ M (Ω) and t 0 > 0 the set of measures
) be a τ c -strongly continuous semigroup consisting of operators that are τ c -continuous on norm-bounded sets. For a normbounded, weak * -compact set K ⊆ M (Ω) and t 0 > 0 the set of measures
Proof. The assertion follows immediately from Lemma 3.4, taking into account the arguments preceding Lemma 3.3 concerning the invariance of M (Ω).
) be τ c -strongly continuous and locally norm-bounded. Suppose that T (t) takes norm-bounded τ c -null sequences into τ c -null sequences. Then for all compact set K ⊆ Ω and ε > 0, there exists M > 0 and
holds uniformly for t in compact intervals in R. In particular, it is locally-β-equicontinuous, or, which the same, it is τ c -bi-equicontinuous.
Proof. Let ε > 0, t 0 > 0 and K ⊆ Ω be a compact set. Take a compact set
Such compact set exists by Lemma 3.5. We then obtain
which is the assertion.
A variant of this result has been obtained independently by Markus Kunze, see ??. Let us summarise the above in the following two assertions. Theorem 3.7. Let Ω be a Polish space and a consider the set F of τ c -strongly continuous semigroups (T (t)) t≥0 on C b (Ω) for which each T (t) is τ c -sequentially continuous on sup-norm bounded sets. Then the class of τ c -bi continuous semigroups and the class of β-locally equicontinuous, β-strongly continuous semigroups both coincide with F . Theorem 3.8. Let Ω be a Polish space and (T (t)) t≥0 a τ c -bi-continuous semigroup on C b (Ω). Then the semigroup (T (t)
• ) t≥0 defines as T (t)
is a bicontinuous semigroup on the space of bounded, regular Borel measures M (Ω) with respect to the topology σ(M (Ω), C b (Ω)).
The crucial ingredient, i.e., that a bounded, linear operator leaves M (Ω) invariant if and only if it is τ c continuous on norm-bounded sets, or which is the same, if it is β 0 -continuous, has long since been known, and has found several independent proofs, see Sentilles [15] , Priola [14] , Farkas [11] or Manca [13] . A proof in a more general case is given in Kunze [4] A surprising fact is that though τ c is generally not metrisable, the continuity of norm-bounded linear operators on norm-bounded sets can be described by convergent sequences. It is clear that "completeness" or "compactness" play an important role here, whereas some kind of countability has been also overall assumed (metric or σ-compact spaces). Indeed, a simplest non-countable space gives rise to a counterexample to Theorem 3.7, when Ω is not a Polish space. More specifically we construct below a bi-continuous semigroup which is not is β 0 -locally-equicontinuous.
Example 3.9. Let Ω = ω 1 the first uncountable ordinal number and υ be the order topology. Since any α ∈ ω 1 has cofinality less than ω 0 , we see that Ω is first countable and normal. Suppose that f n → 0 in the topology τ c . We claim that there exists α ∈ ω 1 such that f n → 0 uniformly on [α, ω 1 ). Suppose the contrary, i.e., for all α < ω 1 there exists k ∈ N, k > 0 such that for all N ∈ N there exists n ≥ N and x ∈ [α, ω 1 ) with |f n (x)| > 1/k. For all α ∈ ω 1 we have k α ∈ N and we may assume that k α ξ = k for a cofinal sequence α ξ ∈ ω 1 . By induction we choose a sequence
+1 < x α ξ 2 < x α ξ 2 . +1 < · · · < x α ξ j < x α ξ j . +1 < · · · with f nj (x α ξ j ) > 1/k. Since K := {lim j→∞ x α ξ j , x α ξ j : j ∈ N} is compact and sup y∈K |f nj (y)| ≥ 1 k for all j ∈ N, we arrived to a contradiction. Thus we have the existence of α ∈ ω 1 as asserted above. Now, consider the family {[ξ, ω 1 ) : ξ > α}, which has the finite intersection property and thus by compactness possesses an accumulation point x ∈ βΩ. All f n extends to the Stone-Čech compactification βΩ and |f n (y)| < ε for all y ∈ [α, ω 1 ) if n ≥ N . Take n ∈ N, n ≥ N . By the continuity of f n on βΩ we have a neighbourhood U of x such that for all y ∈ U |f n (y) − f n (x)| ≤ ε.
There exist ξ ∈ (α, ω 1 ) with ∅ = U ∩ [ξ, ω 1 ) ∋ z, so |f n (x)| ≤ |f n (x) − f n (z)| + |f n (z)| ≤ ε + ε.
Thus f n (x) → 0, which shows that δ x is τ c -sequentially-continuous (on normbounded sets). However, it is clear that this is not τ c -continuous on norm-bounded sets. Consider now the C 0 -semigroup (T (t)) t≥0 generated by the bounded operator A := 1 ⊗ δ x . Since A is idempotent the semigroup T takes the form T (t) = I − A + e t A.
This semigroup is bi-continuous but none of T (t), t > 0 is τ c continuous on norm bounded sets.
